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Abstract. Low-frequency noise can induce serious decoherence in superconducting
qubits. Due to its diverse physical origin, such noise can couple with the qubits either
as transverse or as longitudinal noise. Here, we present a universal quantum degeneracy
point approach that can protect an encoded qubit from arbitrary low-frequency
noise. We further show that universal quantum logic gates can be performed on the
encoded qubits with high fidelity. The proposed scheme can be readily implemented
with superconducting flux qubits or with a qubit coupling with a superconducting
resonator. Meanwhile, the scheme is also robust against small parameter spreads due
to fabrication errors in the superconducting systems.
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1. Introduction
Low-frequency noise is ubiquitous in solid-state systems [1, 2]. In the past, extensive
efforts have been devoted to study the microscopic origin of low-frequency noise in
Josephson junction devices [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. Recent theoretical
and experimental efforts suggested that one source of low-frequency noise is the spurious
two-level system fluctuators in the substrate or in the oxide layers of the Josephson
junctions [16, 17, 18, 19, 20]. In Ref. [21], the noise power spectral density of
a superconducting flux qubit was thoroughly characterized by dynamical decoupling
technique, which clearly demonstrates the low-frequency nature of the qubit noise.
Decoherence due to low-frequency noise is one of the major hurdles in implementing
fault-tolerant quantum computing in superconducting qubits [22, 23, 24]. To protect
superconducting qubits from the decoherence caused by low-frequency noise, various
approaches have been developed during the past few years, including dynamic control
approach, quantum degeneracy point approach, using continuous measurement to
calibrate the noise, and designing novel quantum circuits and materials [25, 26, 27, 28,
29, 30, 31, 32, 33]. Among these approaches, the quantum degeneracy point approach
effectively protects the qubit from low-frequency noise that couples to the qubit only
through off-diagonal matrix elements, i.e., transverse noise [26, 27, 28, 29]. Qubit
decoherence time can be increased by orders of magnitude by operating the qubit at the
quantum degeneracy point which is also called the optimal point or the “sweet spot”.
At the degeneracy point, the first-order derivative of the qubit energy splitting over
noise is zero due to the low-frequency nature of the noise.
Meanwhile, low-frequency noise in solid-state systems has diverse physical origins
and can couple to the qubit either as transverse or as longitudinal noise. In contrast
to transverse noise, longitudinal noise couples to the qubit through diagonal matrix
elements and generates a shift of the energy splitting. The traditional quantum
degeneracy point approach [26, 27, 28, 29] only protects the qubit from transverse low-
frequency noise and cannot protect the qubit from longitudinal low-frequency noise. In
this work, we propose a universal quantum degeneracy point (UQDP) approach where an
encoded qubit can be protected from arbitrary low-frequency noise. The physical qubits
are subject to transverse and/or longitudinal low-frequency noises. The encoded qubit
is constructed in a subspace where the low-frequency noise only couples to off-diagonal
matrix elements of the encoded qubit and can be treated as an effective transverse
noise. We also show that universal quantum logic gates can be implemented on the
encoded qubits in this architecture. The proposed scheme and the coupling circuits can
be readily implemented with the superconducting flux qubits or with a qubit coupling
with a superconducting resonator. To test our analytical results, we perform numerically
simulation of the quantum gates and find that high gate fidelity can be achieved. We
also show that the proposed approach is robust again small fabrication errors in the
parameters of the Josephson junctions. Furthermore, the UQDP approach is a general
scheme that is not restricted to the superconducting qubits. It can be readily applied
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to a number of other quantum systems, such as the ion trap system, to suppress the
decoherence of the low-frequency noise [34]. The paper is organized as follows. In Sec.2,
we present the UQDP approach with two coupled physical qubits. The decoherence
of the encoded qubit under arbitrary low-frequency noise is calculated. In Sec.3, we
study the realization of universal quantum logic gates on the encoded qubits. The
implementation of this scheme with superconducting flux qubit is also presented. In
Sec.4, we present numerical simulation of the gate operations to test our analytical
results. In Sec.5, we further show that the encoded qubit in the UQDP approach can
be implemented using a qubit coupling with a superconducting resonator. Discussions
on the effect of parameter spreads and comparison with the decoherence free subspace
(DFS) approach [35] are presented in Sec.6. The conclusions are given in Sec.7.
2. Universal Quantum Degeneracy Point with Coupled Qubits
2.1. Quantum degeneracy point
The basic idea of the quantum degeneracy point approach is to use finite energy splitting
of a qubit to protect the qubit from transverse low-frequency noise. Consider a qubit
coupling to low-frequency noise as
Hs = Ezσz + δVx(t)σx, (1)
where 2Ez is the energy splitting between the qubit states | ↑〉 and | ↓〉 and δVx(t)
is the noise amplitude with |δVx(t)| ≪ Ez. The noise couples to the qubit via the
σx operator where only the off-diagonal matrix elements are nonzero, and is hence a
transverse noise. We treat the noise δVx(t) as a classical noise for the simplicity of
discussion, but our results can be applied to quantum noises. The low-frequency nature
of the noise determines that it cannot resonantly excite the qubit between its two states
due to the large energy splitting of the qubit. Hence, the noise can be treated as static
fluctuations. With a second-order perturbation approach, the above Hamiltonian can
be approximated as
Hs ≈ (Ez + δV 2x (t)/2Ez)σz, (2)
where the qubit adiabatically follows the time dependence of the noise via a second-
order term δV 2x (t)/2Ez. Qubit dephasing is determined by this second-order term and
is significantly suppressed by a factor of ∼ |δVx(t)/2Ez|2 [26, 27, 28, 29].
However, as we mentioned in Sec.1, the qubit-noise coupling in real systems can
be more general than that in Eq.(1). In the following, we consider a model of arbitrary
low-frequency noise
∑
α δVα(t)σα which includes coupling to all three Pauli matrices of
the qubit. We will show that an encoded subspace can be constructed in which this
noise can be converted to an effective transverse noise.
Protecting Superconducting Qubits with Universal Quantum Degeneracy Point 4
2.2. Encoded qubit
Consider two qubits with the Hamiltonian
H0 = Ez(σz1 + σz2) +
∑
α
Emασα1σα2, (3)
where the σαj ’s are the Pauli matrices of the j-th qubit and α = x, y, z. An encoded
qubit to implement the UQDP approach can be constructed from the above system
when the condition Emx 6= 0 and/or Emy 6= 0 is satisfied. As an example, we choose
Emy = Emz = 0, Emx = Em, (4)
where only the x-coupling is nonzero. Let the low-frequency noise have the general form
Vn =
∑
αj
δVαj(t)σαj , (5)
where δVαj(t) accounts for the noise component coupling with the σαj operator of the
j-th qubit. The total Hamiltonian including the noise is then Hen = H0 + Vn.
The eigenstates of H0 with the coupling given in Eq.(4) can be derived as
|1〉 = − sin(θ/2)| ↓↓〉+ cos(θ/2)| ↑↑〉,
|2〉 = cos(θ/2)| ↓↓〉+ sin(θ/2)| ↑↑〉,
|3〉 = (−| ↓↑〉+ | ↑↓〉) /√2,
|4〉 = (| ↓↑〉+ | ↑↓〉) /√2,
(6)
in terms of the | ↑〉, | ↓〉 states of the physical qubits with cos θ = 2Ez/
√
4E2z + E
2
m. The
corresponding eigenenergies are E1 = −
√
4E2z + E
2
m, E2 =
√
4E2z + E
2
m, E3 = −Em, and
E4 = Em. The Pauli matrices of the physical qubits can be written in the eigenbasis.
For example,
σz1 =


− cos θ − sin θ 0 0
− sin θ cos θ 0 0
0 0 0 −1
0 0 −1 0

 (7)
σy2 = i


0 0 cosφ sinφ
0 0 sinφ − cosφ
− cosφ − sinφ 0 0
− sin φ cosφ 0 0

 (8)
with φ = θ/2 + π/4. An interesting observation is that all the diagonal matrix
elements of the Pauli matrices in the subspace spanned by {|3〉, |4〉} are zero, i.e.,
〈3|σαj |3〉 = 〈4|σαj |4〉 = 0 for all α and j. Furthermore, the only nonzero off-diagonal
matrix elements in this subspace are 〈3|σzj|4〉 and their conjugate elements; whereas
〈3|σxj |4〉 = 〈4|σxj |3〉 = 〈3|σyj |4〉 = 〈4|σxj |3〉 = 0. (9)
Note that this result is valid for the general case of Emy, Emx 6= 0. Hence, Vn only
generates off-diagonal matrix elements in the subspace of {|3〉, |4〉}. These matrix
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elements, however, cannot induce strong transition between |3〉 and |4〉 due to the
low-frequency nature of the noise and the finite energy splitting 2Em between these
two states. Similarly, the noise terms cannot induce strong transition between states
in the subspace of {|3〉, |4〉} and states in the subspace of {|1〉, |2〉}. Hence, we can
select the subspace {|3〉, |4〉} to form an encoded qubit that is protected from the low-
frequency noise. We also define the parameter values where such encoded state exists as
the universal quantum degeneracy point (UQDP). At a UQDP, the subspace {|3〉, |4〉}
couples to the noise in a transverse way and suffers only quadratic dephasing from
the low-frequency noise. In addition, the leakage from the encoded subspace to the
redundant space of {|1〉, |2〉} due to the low-frequency noise is also prohibited to the
lowest order. The nonzero matrix elements of σxj and σyj (noise components δVxj(t) and
δVyj(t)) only induce virtual transitions between {|3〉, |4〉} and {|1〉, |2〉}. As discussed
above, UQDP exists under the condition Emx 6= 0 and/or Emy 6= 0 which spans over a
curve or a surface in the parameter space, not just a point.
2.3. Dephasing of encoded qubit
The dephasing of the encoded qubit by arbitrary low-frequency noise can be calculated
using a perturbation approach. Without loss of generality, we assume that the noise
contains only a x-component δVxj(t) and a z-component δVzj(t) both of which are
gaussian 1/f noises with the spectra
Sxj(ω) =
∫ ∞
−∞
〈δVxj(t)δVxj(0)〉 e
iωtdt
2π
=
A2 cos2 η
ω
, (10)
Szj(ω) =
∫ ∞
−∞
〈δVzj(t)δVzj(0)〉 e
iωtdt
2π
=
A2 sin2 η
ω
, (11)
where η is the noise power angle that describes the distribution of the noise between the
x- and z- components and A2 is the total noise power. At η = 0, the noise only contains
a x-component and is a transverse noise for the physical qubits; at η = π/2, the noise
contains a z-component and is a longitudinal noise for the physical qubits.
Define the Pauli operators for the encoded qubit as Xσ = |3〉 〈4| + |4〉 〈3|, Yσ =
−i|3〉 〈4| + i|4〉 〈3|, and Zσ = |3〉 〈3| − |4〉 〈4|. In the encoded subspace, the total
Hamiltonian including the low-frequency noise can be approximated as
Hen = −EmZσ + Em(δV
2
x1(t) + δV
2
x2(t))
2E2z
Zσ − (δVz1 − δVz2)
2(t)
2Em
Zσ (12)
to the second order of the noise. The dephasing of the encoded qubit by arbitrary
low-frequency noise only involves quadratic terms, similar to that in Eq.(2).
To calculate the dephasing of the encoded qubit quantitively, we use the analytical
results in Ref. [28]. Assume that the noise components are not correlated with each
other so that the cross terms involve the products of different δVαi components can be
dropped. We choose the following practical parameters for the superconducting systems:
Ez/2πh¯ = 5GHz, A = 2×10−4Ez, and an infrared cutoff for the 1/f noise ωir/2π = 1Hz.
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Figure 1. Dephasing time of the bare qubit (star) and the encoded qubit versus the
noise power angle η. The values of Em/Ez for corresponding curves are given in the
inset. The spectra of the low-frequency noise are given in Eq.(10,11).
For a superconducting flux qubit, given a flux noise δΦ(t) = δf(t)Φ0 in the qubit loop,
the noise amplitude can be written as δVαj(t) = r1EJδf(t), where EJ/2πh¯ = 200GHz
is the Josephson energy of the loop junctions and r1 ∼ 5 with typical parameters [37].
Using this relation, the power spectral density of the flux noise under our noise power
is (10−6Φ0)
2/ω, comparable the experimental results in Ref. [21].
The dephasing time for an encoded qubit is plotted in Fig.1 at selected ratios of
Em/Ez. For zero or small ratio, e.g., Em/Ez = 0.2, the dephasing time decreases rapidly
by a few orders of magnitude as the noise changes from transverse to longitudinal noise
(as η increases). For a sizable ratio, e.g. Em/Ez = 0.6, the decoherence time varies
slowly over the whole range of the distribution angle η. We also find that given a fixed
noise power A2, the dephasing time reaches a maximum at Em/Ez ≈ sin η/ cos η. For
example, the maximal dephasing time at Em/Ez = 1 is reached at η = π/4. This can be
explained by the noise terms in Eq.(12) — the maximum in the dephasing time occurs
when the second and the third term in Eq.(12) make equal contribution to dephasing.
Note that the superconducting qubits are also subject to decoherence by high-
frequency noise, e.g., Ohmic noise in the electrical circuits, which induces relaxation
of the qubits. Assume that the relaxation rate of the physical qubits is γh. It can be
readily shown that the relaxation rate of the encode qubit due to the high-frequency
noise is of the same order of magnitude as γh.
3. Universal Quantum Logic Gates
In Sec.2, we showed that the dephasing of the encoded qubit is dominated by quadratic
terms of the low-frequency noise. The encoded qubit can thus be a robust quantum
memory to store quantum information. Here, we will further show that universal
quantum logic gates can be implemented on the encoded qubits with high fidelity.
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3.1. Single-qubit gates
Single-qubit gates on an encoded qubit can be performed by manipulating either the
energy of individual physical qubit or the coupling between the qubits. Projected to the
encoded subspace, the Hamiltonian H0 becomes PeH0Pe = −EmZσ and the operator
σz1 becomes Peσz1Pe = −Xσ, where Pe is the projection operator. Here σz1 generates no
coupling between the encoded subspace and subspace spanned by {|1〉, |2〉}, as is shown
in Eq. (7). Hence, driving the first physical qubit with a pulse HX = 2λ cos(2Emt/h¯)σz1,
we derive an effective Hamiltonian HrotX = −λXσ in the rotating frame. After a duration
of θh¯/2λ, the X-rotation UX(θ) = exp(iθXσ/2) can be implemented on the encoded
qubit. Similarly, when projected to the encoded subspace, the operator product σx1σx2
becomes Peσx1σx2Pe = −Zσ, which generates a Z-rotation UZ on the encoded qubit.
These two operations form a complete SU(2) generator set that can implement arbitrary
single-qubit gate on the encoded qubit.
3.2. Two-qubit gates
Controlled quantum logic gates on the encoded qubits can be implemented by coupling
the physical qubits in two encoded qubits, as is illustrated in Fig.2 (a). We use
σαj (ταj) as the Pauli matrices for the physical qubits in the first (second) encoded
qubit. Assume that the physical qubit ~σ2 in the first encoded qubit is coupled with
the physical qubit ~τ1 in the second encoded qubit with HC = λcσz2τz1. Given that
Peσz2Pe = Xσ and Peτz1Pe = −Xτ , this coupling can be projected to the encoded
subspace as HC = −λcXσXτ . We can use this coupling to perform two-qubit operations.
By adjusting the energy splittings of the encoded qubits to have Emσ = Emτ , where Emσ
and Emτ are energy splittings of the encoded qubits, we have in the interaction picture
H
(I)
C = −
λc
2
(XσXτ + YσYτ ), (13)
after neglecting the fast oscillating terms. This coupling can be used to perform swap
gate or
√
swap gate between the encoded qubits.
We can also design a tunable coupling between two qubits with [39, 40, 41, 42, 43,
44, 45]
HC = 2λc cos(2(Emσ −Emτ )t/h¯)σz2τz1, (14)
which again gives us the effective coupling in Eq.(13) in the interaction picture and does
not require Emσ = Emτ .
The single-qubit and two-qubit gates form a universal set of quantum logic
operations for the encoded qubits. We can also design various architectures to connect
the encoded qubits. For example, in Fig.2 (a), the second (right hand side) physical
qubit of the nth encoded qubit is coupled to the first (left hand side) physical qubit of the
(n+1)th encoded qubit. The system can be viewed as a one-dimensional chain of qubits
with nearest neighbor coupling. Universal quantum computation can be implemented
in this architecture.
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Figure 2. (a) Illustration of the encoded qubits. The physical qubits are represented
by solid circles and the horizontal bars indicate their coupling. Each encoded qubit
is enclosed in a dashed box. The thin bars indicate the coupling between physical
qubits in neighboring encoded qubits. (b) Implementation of the encoded qubits with
superconducting flux qubits.
3.3. Implementation with superconducting flux qubit
The UQDP approach can be implemented in various systems given the diversity of the
superconducting qubits. Here, we present an implementation with the superconducting
flux qubits. As illustrated in Fig.2 (b), the encoded qubit is composed of two flux
qubits labeled as ~σ1,2 (or ~τ1,2) coupling via mutual inductance MI between the main
qubit loops. The flux qubit is made of four Josephson junctions: two loop junctions
with Josephson energy EJ and two SQUID junctions with Josephson energy EJx. By
varying the magnetic flux Φloop inside the main loop, the operating point can be adjusted;
and by varying the magnetic flux Φsq inside the SQUID loop between the two EJx-
junctions, the quantum tunneling between the persistent-current states can be adjusted
[36, 37]. We choose the operating point to be (Φloop + Φsq/2)/Φ0 = 1/2 with, e.g.,
Φloop/Φ0 = Φsq/Φ0 = 1/3, which is the degeneracy point for the flux qubit. The qubit
Hamiltonian is then Hσi = Ezσzi, where Ez is the quantum tunneling between the two
persistent-current states and the eigenstates are equal superpositions of the persistent-
current states. Under the eigenbasis, the circulating current operator of the qubit can
be written as Icirσxi. The mutual inductance coupling between the main loops induces
a shift of the magnetic flux Φloop in the main loops, which shifts the qubit energy [38].
The interaction energy has the form of HMI = Emσx1σx2, where the coupling Em is
determined by the mutual inductance and the loop currents as was discussed in detail
in Ref. [37]. The total Hamiltonian hence has the form of Eq.(3) with Emx 6= 0 and
Emy = Emz = 0. With practical circuit parameters, the quantum tunneling can reach a
few gigahertz [21] and the mutual inductance coupling can reach gigahertz [43], which
satisfy the operating conditions of the encoded qubits.
The X-rotation UX(θ) on single qubit can be realized by applying a magnetic flux
pulse at the microwave frequency 2Em to the SQUID loop of qubit ~σ1. This pulse
generates a σz1 operation which can be projected to the encoded space to generate the
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UX operation. The Z-rotation UZ(θ) can be realized by using a tunable coupling between
the physical qubits to generate the term HZ = δEmσx1σx2 which can be projected to
the encoded subspace as HZ = −δEmZ.
Neighboring encoded qubits couple via the mutual inductance between the SQUID
loops of the physical qubits. In Fig.2 (b), the SQUID loop of the physical qubit ~σ2
inductively couples with the SQUID loop of the physical qubit ~τ1 via mutual inductance
ME . The circulating current in the SQUID loops generates two effects on the other
qubit. First, it shifts the magnetic flux Φsq in the SQUID loop of the other qubit and
hence modifies the quantum tunneling. This gives us a coupling of the form λcσz2τz1
which can be used to implement controlled quantum logic gates. Second, the circulating
current in the SQUID loop shifts the total magnetic flux Φloop+Φsq/2 of the qubit, which
modifies the flux bias of the persistent-current states and gives us a coupling of the form
λc2σz2τx1. This coupling has no effect on the encoded subspace and can be neglected in
our discussion. Combining the two-qubit coupling and single qubit operations, universal
gate operations on the encoded qubits can be realized with superconducting flux qubits.
3.4. State preparation and detection
To perform the gate operations, the system needs to be prepared in a proper initial state
in the encoded subspace. First, the coupled-qubit system can be relaxed to its ground
state, i.e., state |1〉 in Eq.(6), by thermalization. Then, an ac pulse is applied with
Hprep = 2λp cos [(E3 − E1)t/h¯]σx1 (15)
to the qubit ~σ1. Because σx1 has the nonzero matrix element 〈3|σx1|1〉 = − sin(θ/2 +
π/4), this pulse generates a Rabi oscillation between states |1〉 and |3〉 when neglecting
fast oscillating terms. After a duration of π/2λp sin(θ/2 + π/4), the state becomes |3〉
which is the lower eigenstate in the encoded subspace.
State detection can be implemented by applying single-qubit rotation as well. To
measure the probability of an encoded qubit in the state |3〉 or |4〉, apply the single-qubit
gate exp(−iπX/4). This operation converts state |3〉 to the state | ↑↓〉 and converts state
|4〉 to the state | ↓↑〉. After this operation, we can measure the physical qubits to extract
information of the encoded states.
The above state preparation and detection schemes can be readily realized with
superconducting flux qubit setup presented in Sec.3.3.
4. Numerical Simulation
To test our analytical results, we conduct numerical simulation of the quantum logic
gates and derive the gate fidelity. In the simulation, the low-frequency noise is generated
using a stochastic sequence given below in Eq. (16). The time evolution under the total
Hamiltonian for the physical qubits during the gate operation is simulated with a fourth-
order Runge-Kutta method. The simulation will be repeated several hundreds of times
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Figure 3. (a) Gate fidelity FX for single-qubit gate UX(pi) versus power distribution
angle η and coupling Em/2Ez. (b) FX versus Em/2Ez at selected η values. (c) FX
versus η at selected x = Em/2Ez values. (d) Gate fidelity FC of two-qubit gate UC
versus η at selected Ecc (in unit of 2pih¯) values.
with a new sequence of randomly-generated low-frequency noise Vn(t) each time. The
gate fidelity is obtained by averaging over all the simulation runs.
We make the following assumptions about the low-frequency noise. Firstly, the
noise couples with the physical qubits in the form of δVxj(t)σxj + δVzj(t)σzj which
contains both longitudinal and transverse noise and can be used to demonstrate the
decoherence property of the encoded qubit. Secondly, the noise has a 1/f spectrum
with a noise power A2. Thirdly, the distribution between the longitudinal and the
transverse component of the noise is characterized by the noise power angle η which is
defined below. The 1/f -noise can be generated using a stochastic sequence:
Vαj(t) =
ωuv∑
ω=ωir
aαj(ω) cos(ωt+ φ)∆ω (16)
where aαj obeys gaussian distribution with zero average. For transverse noise,
〈aαx(ω1)aαx(ω2)〉 = A2 cos2(η)δ(ω1 + ω2)/ω1, (17)
and for longitudinal noise
〈aαz(ω1)aαz(ω2)〉 = A2 sin2(η)δ(ω1 + ω2)/ω1. (18)
Here discrete noise components with a separation of ∆ω/2π = 10−4MHz are used to
replace the continuous integral of the spectral density. The phase φ is a random number
with a uniform distribution between 0 and 2π. Our parameters are Ez/2πh¯ = 5GHz, the
infrared frequency limit ωir/2π = 1Hz, the upper bound of the noise ωuv/2π = 0.1MHz,
and the noise power A/Ez = 2× 10−4 s/rad [21].
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For the single-qubit gate UX(π), the gate fidelity can be defined as [46]
FX =
1
2
+
1
12
∑
i=1,2,3
Tr
(
UX(π)ΣiU
†
X(π)ε(Σi)
)
, (19)
where Σi are the Pauli matrices of the encoded qubit with Σi = X, Y, Z for i = 1, 2, 3,
respectively. The super-operator ε(Σi) = PeL(Σi)P †e is the projection of the final state
to the encoded subspace after applying the gate operation to the initial density matrix
Σi. In the simulation, the constant λ in HX is chosen as λ/2πh¯ = 300MHz. The gate
fidelity FX of the operation UX(π) is plotted in Fig.3 (a) - (c). For a sizable ratio of
Em/2Ez, where the encoded subspace is well protected from the low-frequency noise, the
fidelity varies smoothly within a narrow regime as η increases from 0 (transverse noise) to
π/2 (longitudinal noise). While for Em = 0, i.e., uncoupled qubits, the fidelity decreases
quickly as η increases. Meanwhile, for finite η (sizable longitudinal component), the
fidelity first increases quickly with Em, but then becomes saturated and even shows
oscillatory behavior as Em further increases. With Em ∼ 0.4Ez, FX exceeds 0.997 for
η ∈ [0, π/2]. According to our numerical simulation, an optimal value of Em for a
particular η usually can be found within the range of (0.4Ez, Ez).
For the two-qubit gate UC = exp[iπ(X1X2 + Y1Y2)/4], the gate fidelity can be
defined as [46]
FC =
1
5
+
1
80
∑
i,j
Tr(UC(Σi ⊗ Ωj)U †Cε(Σi ⊗ Ωj)), (20)
where Ωj are the Pauli matrices of the second encoded qubit with Ωj = X, Y, Z for
j = 1, 2, 3 respectively. The super-operator ε(Σi⊗Ωj) = PeL(Σi⊗Ωj)P †e is the projection
of the final state to the encoded subspace after applying the quantum operation to
the initial state Σi ⊗ Ωj . To implement this gate, we use the tunable coupling given
in Eq.(14) plus an extra small term Eccσx2τx1 which describes the inductive coupling
between the loop currents of ~σ2 and ~τ1. By carefully designing the circuit, this term
can be made much weaker than the coupling in Eq.(14) with Ecc ≪ λc. We choose
Emσ/2πh¯ = 5GHz, Emτ/2πh¯ = 2GHz, and λc/2πh¯ = 300MHz. The tunable coupling
is applied for a duration of πh¯/4λc. The gate fidelity FC for this operation is plotted
in Fig.3 (d) at selected values of Ecc. It can be seen that for Ecc = 0, UC can be
accomplished with high fidelity and shows weak dependence on the noise power angle
η. However, for larger Ecc, e.g., Ecc/2πh¯ = 50MHz, the gate fidelity decreases quickly
with η. This shows the necessity to make this term small in the circuit design.
5. Universal Quantum Degeneracy Point with Qubit-Resonator System
In the UQDP approach, the encoded subspace is designed to couple with low-frequency
noise only through transverse couplings and the finite energy splitting between the
eigenstates protects the encoded qubit from low-frequency noise. Here we show that
UQDP can also be realized with a qubit coupling with a superconducting resonator.
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Consider a qubit coupling with a resonator mode in the Jaynes-Cummings model
Hqr = h¯ω0a
†a+ Ezσz + J
(
a†σ− + σ+a
)
, (21)
where a (a†) is the annihilation (creation) operator of the resonator, ω0 is the resonator
frequency, and J is the magnitude of the qubit-resonator coupling. Assume h¯ω0 = 2Ez.
The eigenstates of this system include the ground state |0 ↓〉 and the polariton doublets
|nα〉 = (|n ↓〉+ (−1)α|(n− 1) ↑〉) /
√
2 (22)
with integer n (n ≥ 1) and α = 0, 1. The eigenenergies of the polariton doubles are
Enα = h¯ω0/2 + (−1)αJ with an energy splitting 2J between the doublet states. The
subspace of a doublet can be chosen as an encoded qubit.
Assume the low-frequency noise couples with the qubit as Vnq =
∑
j δVqj(t)σj and
couples with the resonator as Vnr = δVr(t)a
†+h.c.. The effect of the low-frequency noise
on the encoded qubit can be derived from the noise coupling operators. Using Eq.(22),
we have
〈mα|σz|nβ〉 = δm,n(−1 + (−1)α+β)/2, (23)
where the only nonzero matrix elements are the off-diagonal elements at m = n and
α 6= β. We also have
〈mα|σ+|nβ〉 = δm,n+1(−1)α/2, (24)
〈mα|a†|nβ〉 = δm,n+1(
√
n+ 1 + (−1)α+β√n)/2, (25)
and similar results for their conjugate operators, where the only nonzero matrix elements
are between states in adjacent doublets. Given these results, the low-frequency noise
only induces off-diagonal matrix element in the encoded subspace of the polariton
doublet, similar to that in Sec.2. The encoded qubit in the qubit-resonator system
is hence protected from the low-frequency noise.
6. Discussions
6.1. Robustness under parameter spreads
In superconducting devices, the circuit parameters can have a fabrication error of the
order of 5% which is limited by the micro-fabrication technology. The energy splittings
of the physical qubits in an encoded qubit thus cannot be exactly equal to each other.
We introduce a0 as the ratio between the energy splittings of the qubit ~σ2 and the qubit
~σ1 with |a0 − 1| ≪ 1. The Hamiltonian in Eq.(3) becomes
He = Ez(σz1 + a0σz2) + Emσz1σz2. (26)
The states {|3〉, |4〉} in Eq. (6) still span the encoded subspace, but the eigenstates are
now rotated with
|3〉e = cosϕ|3〉+ sinϕ|4〉, E3e = −Ee;
|4〉e = − sinϕ|3〉+ cosϕ|4〉, E4e = Ee; (27)
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and the eigenenergies are shifted with Ee =
√
(1− a0)2E2J + E2m and ϕ = sin−1[(a0 −
1)Ez/Ee]/2. It can be shown that the qubit operators σx1, σx2, σy1, and σy2 contain
only nonzero matrix elements that connect {|1〉e, |2〉e} and {|3〉e, |4〉e}. However, the
operators σz1 and σz2 contain diagonal terms
e〈3|σz1|3〉e = −e〈4|σz1|4〉e = −(1−a0)EzEe ,
e〈3|σz2|3〉e = −e〈4|σz2|4〉e = (1−a0)EzEe ,
(28)
which generate residual longitudinal noise on the encoded qubit. This residual noise is
Vres = (a0 − 1)(Ez/Ee)(δVz1 − δVz2)Z, (29)
which induces dephasing on the encoded qubit with first-order noise terms. However,
the residual noise contains a small ratio |a0− 1| which is often less than 5%. Dephasing
due to this residue noise is then reduced by a factor |a0− 1|2 < 2× 10−3, which reduces
the dephasing rate to be comparable to or even lower than the quadratic dephasing rate
due to the transverse noise in Eq. (12).
In previous sections, UQDP is studied under the coupling Emx = Em, Emy =
Emz = 0. Note that UQDP works for a broad range of couplings given in Eq.(3) as
far as the condition Emx 6= 0 and/or Emy 6= 0 is satisfied. For example, we can choose
Emx = Em, Emy = Emz = b0Em with finite b0. Under this coupling, the subspace
{|3, 4〉} still forms an encoded qubit. The eigenenergies are E3 = −Em − 2b0Em and
E4 = Em, including an energy shift of 2b0. This encoded qubit is protected against
first-order dephasing due to arbitrary low-frequency noise. This observation shows that
the UQDP approach can be applied to a variety of superconducting qubits as well as
other quantum systems such as the ion trap system [34].
6.2. Comparison with decoherence free subspace approach
The UQDP approach is different from the decoherence free subspace (DFS) approach
that has been widely studied [35]. The DFS approach protects the qubits against
spatially correlated noises by choosing a subspace that is immune to such noise, i.e.,
the decoherence is suppressed by the symmetry of the noise. While in our scheme, we
exploit the energy splitting of the encoded qubit and the low-frequency nature of the
noise (the noise cannot resonantly excite transitions between states with large energy
splitting) to protect the quantum state.
7. Conclusions
In conclusion, we propose a UQDP approach to protect the superconducting qubits from
arbitrary low-frequency noise. Using two coupled qubits to form an encoded qubit, we
find a subspace where the low-frequency noise only causes dephasing in quadratic order.
We show that universal quantum logic gates can be performed on the encoded qubits
with high fidelity. The approach is robust against parameter spreads due to fabrication
errors. We also show that this scheme can be realized with a qubit coupling with
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a superconducting resonator. Furthermore, this approach can be applied to a broad
range of physical systems to reduce the effect of low-frequency noise.
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